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ABSTRACT
Based on the data from the Kodaikanal and Mount Wilson observatories, we investigate the-

e (SC). The main findings are
summarized in the following three points. (1) During the declining phase, the correlation between the
mean tilt angle and the tilt-angle scatter is statistically insignificant. (2) Six quantities measured dur-
ing the declining phase show significant anti-correlations with the strength and amplitude of the next
SC, and positive correlations with the duration of the ascending phase of the next SC: the standard
deviation of tilt angles, the root-mean-square tilt angle, the mean absolute value of tilt angles, the
area-weighted absolute value of tilt angles, the latitude-weighted absolute value of tilt angles, and the
area- and latitude- weighted absolute value of tilt angles. (3) The correlations of the mean tilt angle,
the area-weighted tilt angle, the latitude-weighted tilt angle, and the area- and latitude- weighted tilt
angle during the declining phase with the strength, amplitude, and duration of the ascending phase of
the next SC are statistically insignificant. These findings demonstrate that the modulation of param-
eters of the next SC by the tilt-angle scatter during the declining phase plays a vital role in regulating
SC variability.

Keywords: Solar cycle (1487) — Sunspot groups (1651) — Solar dynamo (2001)

1. INTRODUCTION

The tilt angle of sunspot group (SG) is a crucial parameter in the conversion of the toroidal magnetic field to poloidal
magnetic field, which is at the heart of the Babcock-Leighton-type dynamo model (Babcock 1961; Leighton 1969). It
governs the conversion efficiency: in general, the larger the tilt angle, the greater the contribution to the poloidal field
(Mazumder 2019; Jiao et al. 2021). Thus, the tilt angle of SG is considered to be a direct observational determination
of the principal driver in the solar dynamo (Tlatov et al. 2013).

The relationships of the tilt angle of SG with the parameters of the same solar cycle (SC) have been studied
extensively in recent years based on the average tilt angle. For the first time, Dasi-Espuig et al. (2010) (and their
corrigendum Dasi-Espuig et al. (2013)) found that {«)/{|A|), where o and |A| were the tilt angle and the unsigned
latitude, (a) and (|\|) were their SC-averaged values, had an anti-correlation with the amplitude of the same SC, with
correlation coefficients of r = —0.82 at 98% confidence level and r» = —0.80 at 90% confidence level for the Kodaikanal
(KK) and Mount Wilson (MW) data, respectively. The SC-averaged tilt angle reported by Dasi-Espuig et al. (2010)
shows significant anti-correlations with the strength and amplitude of the same SC at least for the KK data, while,
for the MW data, the probabilities suggest that the anti-correlations are due to chance. It is difficult to reach a
consensus on whether the tilt angle of SG shows an anti-correlation with the amplitude of the same SC (Ivanov 2012;
McClintock & Norton 2013).
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It has been widely accepted that the tilt angle of SG tends to increase with increasing latitude (Joy’s law) (Hale et al.
1919). The linear equation,
a = Tiin < [A], (1)

is widely used to describe Joy’s law. However, at higher latitudes, the increasing trend of tilt angle with increasing
latitude tends to slow down gradually, or there may even be a decreasing trend with increasing latitude (Howard 1991;
Tlatov et al. 2013; Baranyi 2015; Nagovitsyn et al. 2021). Thus, the square-root equation,

a = Tegr X [A"?, (2)

is also used to describe Joy’s law (Cameron et al. 2010; Jiang 2020; Jiao et al. 2021). Jiang (2020) and Jiao et al.
(2021) showed that the tilt coefficient, Tii, or Tsqr, had an anti-correlation with the amplitude of the same SC. The tilt
coefficient for linear form (T}i,) is same as the slope of Joy’s law. There may be a nonlinear mechanism to modulate
the generation of poloidal field (Lemerle & Charbonneau 2017; Karak & Miesch 2017; Jiang 2020; Jiao et al. 2021).

The polar field at solar minimum has a strong correlation with the amplitude of the next SC (Schatten et al. 1978;
Schatten 2005; Svalgaard et al. 2005; Wang et al. 2005; Jiang et al. 2007; Munoz-Jaramillo et al. 2013). Using direct
measurements of polar field, Svalgaard et al. (2005) and Schatten (2005) predicted that the solar activity during SC
24 would be the lowest in the last 100 years, which has turned out to be correct.

Due to the importance of the tilt angle of SG to the poloidal field, the relationships of the tilt angle of SG with
the parameters of the next SC have also been studied extensively in recent years based on the average tilt angle.
Dasi-Espuig et al. (2010) discovered a positive correlation between maz(S x @ x) and max(S) of the next SC, where
S was the monthly mean sunspot area from Balmaceda et al. (2009),

A
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where wj, a4, and A; were the area, tilt angle, and latitude of the SG j in a given month, respectively. The tilt
coefficient does not show a clear correlation with the amplitude of the next SC (Tlatova et al. 2018).

One widely accepted generation mechanism responsible for the tilt angle of SG is the action of the Coriolis force
on toroidally oriented flux tubes as they rise buoyantly through the convective zone and emerge at the photosphere
(Wang & Sheeley 1991; D’Silva & Choudhuri 1993; Fisher et al. 2000). There is a large scatter of the tilt angle of
SG around the mean, which is thought to be due to the turbulent nature of the solar convection zone (Howard
1991; Longcope & Choudhuri 2002; Bhowmik & Nandy 2018; Jiao et al. 2021). Numerical simulations have suggested
that the component introduced by the tilt-angle scatter has a significant impact on the strength of the next SC
(Baumann et al. 2004; Jiang et al. 2014; Bhowmik & Nandy 2018).

Wang & Sheeley (1989) divided SGs into three types according to their fluxes: strong, medium, and weak SGs,
then investigated their relationships of the tilt angle with latitude, respectively. They found that the average tilt
angles of strong, medium, and weak SGs were essentially the same, and their values as a function of latitude (Joy’s
law and slope) were similar. However, the root-mean-square tilt angles of strong SGs differ from those of weak SGs
having higher root-mean-square tilt angles (essentially having a higher standard deviation in the distribution). The
root-mean-square value and the standard deviation are two statistical measures of the dispersion or spread of a group
of data.

During SCs 21 and 22, the main trends over time of the averaged absolute values of tilt angles (simply the root-
mean-square values) are similar to those of the average tilt angles, while, during SC 23, the main trend over time of the
averaged absolute values of tilt angles is quite different from that of the average tilt angles (Gao 2023). In addition,
during the declining phase of SC 23, the absolute values of tilt angles are abnormally large (Gao 2023). As we know,
some of the most important indicators of solar activity during SC 24 reach their lowest levels in nearly a century.

The tilt angle of SG is crucial for the reversal of the polar field and the build-up of the opposite-polarity polar field.
The low-latitude magnetic flux is transported to the pole taking about 2 years (Jiang et al. 2014). Thus, the tilt angle
of SG during the declining phase (after the polarity reversal) is more crucial for the build-up of the opposite-polarity
polar field, which is the source of the toroidal field responsible for solar activity during the next SC.

To better understand the operational mechanism of the solar dynamo, we investigate the relationships of the tilt
angle of SG, including the mean tilt angle and the tilt-angle scatter, during the declining phase with the parameters
of the next SC.
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2. DATA

The data used in our analysis are derived from the white-light images taken at the KK ! and MW 2 observatories.
The KK database provides a nearly continuous time series from 1906 to 1987, covering the whole extent of SCs 15 to
21, as well as the maximum and declining phases of SC 14. The MW database provides a nearly continuous time series
from 1917 to 1985, covering the whole extent of SCs 16 to 20, almost the whole extent of SC 21, and the maximum
and declining phases of SC 15. They both give comprehensive details, such as the tilt angle, latitude, area, and so on,
for each SG event.

For the KK and MW data, the tilt angle of SG is defined using the following method (Howard et al. 1984; Howard
1991; Sivaraman et al. 1993; Dasi-Espuig et al. 2010): 1. Group the sunspots: given a box, 3° wide in latitude and 5°
wide in longitude, centered at each sunspot, any other sunspot is included as part of the SG if it falls inside the box.
2. Define the portion to the east of the mass center of the SG as the leading sunspots and the portion to the west as
the following sunspots. 3. Calculate the tilt angle using the following formula:

tana = AX/(cos A x Al), (4)

where AX and Al represent the differences in latitudes and central meridian distances of the leading and following
sunspots, respectively.

In the KK and MW databases, the tilt angles vary between [-90°, 90°]. The tilt angle is calculated based on the
geometrical positions of the leading and following sunspots of a bipolar SG. Thus, the anti-Hale SGs can not be
removed from the KK and MW databases. However, at present, they provide the longest available records of tilt
angles. The published estimations of the percentage of anti-Hale SGs vary within a certain range: 2.4% (Hale &
Nicholson 1925 found that there were 41 anti-Hale SGs out of 1735 SGs), 3.0%(Zhukova et al. 2020), 3.1%(Richardson
1948), 4%(Wang & Sheeley 1989), 4.9%(Khlystova & Sokoloff 2009), less than 5% (Smith & Howard 1968), 8.1% (Li
2018), and 8.4% (McClintock et al. 2014). The results obtained from the widely used tilt-angle data in the KK and
MW databases should show the general relationships of the tilt angle during the declining phase with the parameters
of the next SC.

Following what Dasi-Espuig et al. (2010) did, we remove the data that the tilt angle is zero and the distance between
the leading and following sunspots is larger than 16°.

For a SG, the KK and MW databases provide two (umbral) areas on days 1 and 2. However, they provide one tilt
angle and one latitude on day 1. Thus, in this study, we use the area on day 1.

3. METHOD

Based on the KK data, Figure 1 shows the histograms of tilt-angle distributions for the declining phases of SCs
14-21, respectively. The solid lines in Figure 1 are the respective normal fits. The tilt-angle distribution during the
declining phase is close to a normal distribution.

Thus, for the tilt angles of SGs during the declining phase of a given SC: a1, as, ..., ay, their mean is

a1 +a + ...+ oy

(a) = : (5)

n

their standard deviation is

; (6)

and their root mean square is

2 2 2
RMS:\/O” too” o tom” (7)

n
The standard deviation is the root mean square deviation of values from their mean. If their mean is 0, their standard
deviation is same as their root mean square. In this article, during the declining phase of a given SC, we calculate
the standard deviation and the root mean square of tilt angles, which are two statistical measures of the dispersion or
spread of data. We also calculate the mean tilt angle.

I ftp://ftp.ngdc.noaa.gov/STP/SOLAR_DATA /SUNSPOT_REGIONS/Kodaikanal _Tilt/
2 ftp://ftp.ngdc.noaa.gov/STP/SOLAR_DATA /SUNSPOT_REGIONS/Mt_Wilson_Tilt/
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Figure 1. The tilt-angle distributions for the declining phases of SCs 14-21. The solid lines show the respective normal fits.

These data are derived from the KK database.

To take the area and latitude of SG into account in the relationships between the tilt angle during the declining

phase and the parameters of the next SC, we calculate the area-weighted tilt angle,

o = 2w x o)
> wj
the latitude-weighted tilt angle,
Sl xay
A= )
> Al
and the area- and latitude- weighted tilt angle,
2wy x Ay x a5)

Her T TS o X N

Similarly, we also calculate the mean absolute value of tilt angles (simply the root mean square),

laq| + |aa] + ... + ||
(o) = - ,

the area-weighted absolute value of tilt angles,

2o (wy x Jag))
Yw

lov,| =

(8)

(9)

(10)
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Figure 2. The mean tilt angles during the declining phases of SCs 14-21. These data are derived from the KK database.

the latitude-weighted absolute value of tilt angles,

_ 2 A x oy

and the area- and latitude- weighted absolute value of tilt angles,

2w x [N x eyl)
S <N 14

We focus on three SC properties: the strength, the amplitude, and the duration of the ascending phase.
Balmaceda et al. (2009) compiled a time series of sunspot area by combining different data sets (Royal Greenwich
Observatory, Russian, Solar Optical Observing Network, Rome, Yunnan, and Catania), which have fewer data gaps.
In this study, following the method used in Dasi-Espuig et al. (2010), the strength of a SC is the total area of all
sunspots during the SC, which is derived from the time series of sunspot area.

The amplitude of SC is the largest smoothed monthly mean number of sunspots, and the duration of the ascending
phase is the time from the solar minimum to maximum, which are taken from the National Geophysical Data Center
(NGDC) 3.

There is an overlap of 2-4 years between a given SC and the next SC in the butterfly diagram: after the solar
minimum, the SGs belonging to the previous SC still emerge near the equator; before the solar minimum, the SGs
belonging to the next SC already emerge at higher latitudes (Wilson 1987; Li et al. 2001; Jiao et al. 2021; Gao 2023).
During the overlap, the tilt angles of SGs belonging to the previous SC are crucial for the build-up of the polar field,
while the tilt angles of SGs belonging to the next SC tend to produce contributions to the opposite-polarity polar
field. Additionally, there is a slight difference between the reversal time of polar field (Jiang et al. 2013) and the time
of solar maximum taken from NGDC.

To more accurately grasp the relationships of the tilt angle during the declining phase with the parameters of the
next SC, in this study, the declining phase of a given SC is from Tiyax + 1 to T . — 2, where Thax is the time of solar

min
maximum of the SC, T ;, is the time of solar minimum between the SC and the next SC, and the unit of Tj,ax and
T' . is the year.

Take SC 21 as an example, the solar maximum occurs in November 1979 (1979.9) and the solar minimum between
SCs 21 and 22 occurs in October 1986 (1986.8) taken from NGDC. In this paper, the declining phase of SC 21 is from
December 1980 to September 1984.

low | =

4. RESULTS

3 ftp://ftp.ngdc.noaa.gov/STP /space-weather /solar-data/solar-indices/sunspot-numbers/cycle-data,/
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Figure 3. The standard deviations of tilt angles (a), the root-mean-square tilt angles (b), and the mean absolute values of tilt
angles (c) during the declining phases of SCs 14-21. These data are derived from the KK database.
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Figure 4. The standard deviation of tilt angles (a), the root-mean-square tilt angle (b), and the mean absolute value of tilt
angles (c) vs. the mean tilt angle during the declining phase. The solid lines show the respective linear fits. The correlation
coefficients and the probabilities that the correlations are due to chance can be found in each panel. These data are derived
from the KK database.

Table 1. The correlation coefficients between the mean tilt angle and the tilt-angle scatter (the standard deviation of tilt angles,
the root-mean-square tilt angle, and the mean absolute value of tilt angles). These data are derived from the KK database.

Parameter o RMS (|l
T p r p r b
(a) —52x107% 9.0x 107" 97x107% 82x107" 1.5x107' 7.2x107"

4.1. The KK data

Figure 2 shows the mean tilt angles during the declining phases of SCs 14-21. Figure 3 shows the standard deviations
of tilt angles, the root-mean-square tilt angles, and the mean absolute values of tilt angles during the declining phases
of SCs 14-21. These data are derived from the KK database. Overall, the standard deviation of tilt angles, the
root-mean-square tilt angle, and the mean absolute value of tilt angles increase or decrease synchronously.

However, the increases or decreases of the mean tilt angle and the tilt-angle scatter (the standard deviation of tilt
angles, the root-mean-square tilt angle, and the mean absolute value of tilt angles) are not synchronous. Then, we
calculate the correlation coefficients between the mean tilt angle and the tilt-angle scatter, which are shown in Figure
4 and Table 1. Considering the low number of SCs (8), Figure 4 and Table 1 also show the probabilities that the
correlations are due to chance. If the probability is less than or equal to 1.0 x 107!, the correlation is considered
statistically significant and not due to chance, whereas if the probability is larger than 1.0 x 10~!, the correlation is
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Figure 5. The strengths (a), amplitudes (b), and durations of the ascending phases (c) in SCs 15-22.

Table 2. The correlation coefficients of the 10 quantities based on the tilt angles during the declining phase with the strength(S),
amplitude(A), and duration of the ascending phase (La) of the next SC. These data are derived from the KK database.

Parameter S A La
r P r 3 r P

() —89x107% 83x107" —13x107' 7.6x107' 1.7x107' 6.8x107"

Qo —12x107" 78x107" —-89x107? 83x107' —23x107' 59x 107!

ax —21x107" 61x107" —-34x107' 40x107' 1.8x107' 6.6x 107"

Qo 2 —3.9x107Y 34x107r —47x107! 25x107! —32x1072 94x 107!

(@) (without the data point of SC 16) —7.5x107% 9.9x107" 26x107%2 9.6x107"' 3.9x107' 39x107!
@ (without the data point of SC 16) —5.6 x 1072 9.1 x 107" 1.6 x 107" 74x107" —4.0x107' 3.7 x 107!
ay (without the data point of SC 16) —2.5x 107! 59x 107! —4.0x 107" 38 x 107" 48x 107" 28x 107!
@w,x (without the data point of SC 16) —6.4x 107" 1.2x 107" —6.8x 107" 95x 1072 44x1072 93x 107!
o —83x107" 1.0x1072 —84x107t 87x107% 71x107' 5.0x 1072

RMS —84x107" 88x107% —86x107t 66x107°% 73x107" 4.1x1072

(o) —85x 107" 82x107% —-89x107' 34x107% 82x107" 1.3x107?

|| —78x 107" 24x1072 —-83x107' 9.9x107% 74x107" 37x107?

|cea] —6.4x107" 88x1072 —75x107' 3.1x107? 7.0x107" 51x107?

|t A —77%x107" 24x107% —-83x107' 1.1x107? 54x107' 1.7x107!

statistically insignificant (Li et al. 2009). From Figure 4 and Table 1, we find that, during the declining phase, the
correlation between the mean tilt angle and the tilt-angle scatter is statistically insignificant.

Figure 5 shows the strengths, amplitudes, and durations of the ascending phases in SCs 15-22. From Figures 4 and
5, we note that (1) the minimum value of the tilt-angle scatter occurs during the declining phase of SC 18, while the
maximum values of the strength and amplitude all occur during SC 19; (2) the maximum value of the tilt-angle scatter
occurs during the declining phase of SC 15, while the minimum value of the amplitude occurs during SC 16, and the
strength of SC 16 is the second lowest.

4.1.1. The relationships of the tilt angle during the declining phase with the parameters of the next SC.

We investigate the relationships of the tilt angle, including the mean tilt angle and the tilt-angle scatter, during
the declining phase with the strength and amplitude of the next SC. Figure 6 shows the mean tilt angle during the
declining phase versus the strength and amplitude of the next SC. The correlation coefficients and probabilities are
presented in Figure 6 and Table 2. Considering that SC 16 is an outlier, the correlation coefficients and probabilities
are calculated without the data point of SC 16 (Table 2). With and without the data point of SC 16, the correlations
of the mean tilt angle during the declining phase with the strength and amplitude of the next SC are statistically
insignificant.
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declining phase vs. the strength, amplitude, and duration of the ascending phase of the next SC. Panels (g), (h), and (i): the
mean absolute value of tilt angles during the declining phase vs. the strength, amplitude, and duration of the ascending phase
of the next SC. The solid lines show the respective linear fits. The correlation coefficients and probabilities can be found in each
panel. These data are derived from the KK database.

Figure 7 shows the tilt-angle scatter during the declining phase versus the strength and amplitude of the next SC. The
correlation coefficients and probabilities are shown in Figure 7 and Table 2. The standard deviation of tilt angles during
the declining phase shows significant anti-correlations with the strength and amplitude of the next SC, with correlation
coefficients of r = —8.3 x 10™! at 99.0% confidence level and r» = —8.4 x 10~ ! at 99.13% confidence level, respectively;
the root-mean-square tilt angle during the declining phase exhibits significant anti-correlations with the strength and
amplitude of the next SC, » = —8.4 x 10! at 99.12% confidence level and r = —8.6 x 10~! at 99.34% confidence level,
respectively; the mean absolute value of tilt angles during the declining phase has significant anti-correlations with the
strength and amplitude of the next SC, » = —8.5 x 10~! at 99.18% confidence level and » = —8.9 x 10~! at 99.66%
confidence level, respectively. The tilt-angle scatter during the declining phase has significant anti-correlations with
the strength and amplitude of the next SC.
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Next, we investigate the relationships of the mean tilt angle and the tilt-angle scatter during the declining phase with
the duration of the ascending phase of the next SC (Figure 6, Figure 7, and Table 2). The positive correlations between
the mean tilt angle during the declining phase and the duration of the ascending phase of the next SC are statistically
insignificant with and without SC 16 (an outlier). Dasi-Espuig et al. (2010) found that the anti-correlation between
the mean tilt angle during the whole extent of a SC and the length of the next SC is also statistically insignificant
(P > 1.0 x 107!) based on the KK data.

While the tilt-angle scatter during the declining phase has a significant positive correlation with the duration
of the ascending phase of the next SC: the standard deviation of tilt angles during the declining phase shows a
significant positive correlation with the duration of the ascending phase of the next SC, with a correlation coefficient
of r = 7.1 x 107! at 95.0% confidence level; the root-mean-square tilt angle during the declining phase exhibits a
significant positive correlation with the duration of the ascending phase of the next SC, r = 7.3 x 10! at 95.9%
confidence level; the mean absolute value of tilt angles during the declining phase has a significant positive correlation
with the duration of the ascending phase of the next SC, » = 8.2 x 10! at 98.7% confidence level.

Figure 6 and Table 2 also show the relationships of the area-weighted tilt angle, the latitude-weighted tilt angle, and
the area- and latitude- weighted tilt angle during the declining phase with the strength, amplitude, and duration of
the ascending phase of the next SC. The correlations of these 3 quantities based on the tilt angles during the declining
phase with the strength, amplitude, and duration of the ascending phase of the next SC are statistically insignificant
with and without SC 16 (an outlier). An exception is the correlation of the area- and latitude- weighted tilt angle
during the declining phase with the amplitude of the next SC without SC 16 (r = —6.8 x 10~ at 90.5% confidence
level). The anti-correlation between the area-weighted tilt angle during the whole extent of a SC and the length of the
next SC is also statistically insignificant based on the KK data (Dasi-Espuig et al. 2010).

We also investigate the relationships of the area-weighted absolute value of tilt angles, the latitude-weighted absolute
value of tilt angles, and the area- and latitude- weighted absolute value of tilt angles during the declining phase with
the strength, amplitude, and duration of the ascending phase of the next SC (Figure 8 and Table 2). The area-weighted
absolute value of tilt angles during the declining phase has significant anti-correlations with the strength and amplitude
of the next SC, r = —7.8 x 10~ ! at 97.6% confidence level and r = —8.3 x 10~! at 99.01% confidence level, respectively,
and a positive correlation with the duration of the ascending phase of the next SC, r = 7.4 x 10~! at 96.3% confidence
level. The latitude-weighted absolute value of tilt angles during the declining phase exhibits significant anti-correlations
with the strength and amplitude of the next SC, r = —6.4 x 10~! at 91.2% confidence level and » = —7.5 x 10~! at
96.9% confidence level, respectively, and a positive correlation with the duration of the ascending phase of the next
SC, r =7.0x 107! at 94.9% confidence level. The area- and latitude- weighted absolute value of tilt angles during the
declining phase shows significant anti-correlations with the strength and amplitude of the next SC, r = —7.7 x 107!
at 97.6% confidence level and r = —8.3 x 10~! at 98.9% confidence level, respectively.

4.1.2. The relationships of the tilt-angle scatter with the statistical properties of SGs

Wang & Sheeley (1989) divided SGs into three types according to their fluxes: strong, medium, and weak SGs
and there are 929 (34%) weak SGs, 1071 (40%) medium SGs, and 710 (26%) strong SGs. To some extent, the area
of SG acts as a proxy for the total magnetic flux (Zharkov & Zharkova 2006; Dikpati et al. 2006). The tilt-angle
scatter decreases with increasing area of SG (Wang & Sheeley 1989; Jiang et al. 2014). To understand the effect of
the distribution of the area (magnetic flux) on the tilt-angle scatter, we investigate the relationships of the tilt-angle
scatter with the percentage of weak SGs, the percentage of medium SGs, the percentage of large SGs, the mean area of
all SGs, and the total area of all SGs during the declining phase. We also investigate the relationship of the tilt-angle
scatter with the number of all SGs during the declining phase.

We separate SGs into three categories as follows: weak SGs, w < 9 millionths of the solar hemisphere (msh), medium
SGs, 9 msh < w < 27 msh, and strong SGs, w > 27 msh based on the KK data. During the declining phases of SCs
14-21, there are 4635 (36%) weak SGs, 4988 (38%) medium SGs, and 3377 (26%) strong SGs.

Figure 9 shows the standard deviation of tilt angles versus the percentage of weak SGs, the percentage of medium
SGs, the percentage of large SGs, the mean area of all SGs, the total area of all SGs, and the number of all SGs during
the declining phase. The correlation coeflicients and probabilities are shown in Figure 9 and Table 3. The standard
deviation of tilt angles has significant anti-correlations with the percentage of large SGs and the total area of all SGs,
r=—6.2x 107" at 90% confidence level and r = —6.9 x 10~ at 94.2% confidence level, respectively.
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Figure 8. Panels (a), (b), and (c): the area-weighted absolute value of tilt angles during the declining phase vs. the strength,
amplitude, and duration of the ascending phase of the next SC. Panels (d), (e), and (f): the latitude-weighted absolute value of
tilt angles during the declining phase vs. the strength, amplitude, and duration of the ascending phase of the next SC. Panels
(g), (h), and (i): the area- and latitude- weighted absolute value of tilt angles during the declining phase vs. the strength,
amplitude, and duration of the ascending phase of the next SC. The solid lines show the respective linear fits. The correlation
coefficients and probabilities can be found in each panel. These data are derived from the KK database.

Considering that SC 15 is an outlier, the correlation coefficients and probabilities are calculated without the data
point of SC 15 (Table 3). Without the data point of SC 15, the standard deviation of tilt angles has significant
anti-correlations with the percentage of large SGs, the mean area of all SGs, and the total area of all SGs, with
correlation coefficients of » = —8.6 x 10~ at 98.7% confidence level, r = —8.6 x 10! at 98.8% confidence level, and
r=—7.0x 107" at 92.3% confidence level, respectively.

4.1.3. The relationships of the tilt angle during the declining phase with the parameters of the same SC.

Finally, we investigate the relationships of the tilt angle, including the mean tilt angle and the tilt-angle scatter,
during the declining phase with the strength, amplitude, and duration of the ascending phase of the same SC.
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Figure 9. The standard deviation of tilt angles vs. the percentage of weak SGs (a), the percentage of medium SGs (b), the
percentage of large SGs (c), the mean area of all SGs (d), the total area of all SGs (e), and the number of all SGs (f) during
the declining phase. The solid lines show the respective linear fits. The correlation coefficients and probabilities can be found
in each panel. These data are derived from the KK database.

Table 3. The correlation coefficients of the standard deviation of tilt angles with the percentage of weak SGs, the percentage
of medium SGs, the percentage of large SGs, the mean area of all SGs, the total area of all SGs, and the number of all SGs
during the declining phase. These data are derived from the KK database.

Parameter o

r p
Percentage of weak SGs 3.3x107"  4.3x107!

Percentage of medium SGs 2.5 x 1073 1.0
Percentage of large SGs —6.2x 107! 1.0x107?
Mean area of all SGs —6.0x107' 1.2x107!
Total area of all SGs —6.9x 107! 58x 1072
Number of all SGs —59x 107" 1.3x 107"

Percentage of weak SGs (without the data point of SC 15) 6.1x107" 1.4x107!
Percentage of medium SGs (without the data point of SC 15) —2.6 x 107! 5.8 x 107!

Percentage of large SGs (without the data point of SC 15) —8.6x 107" 1.3 x 1072
Mean area of all SGs (without the data point of SC 15) —8.6x107" 1.2x 1072
Total area of all SGs (without the data point of SC 15) —7.0x 107" 7.7 x 1072

Number of all SGs (without the data point of SC 15) -52x 107" 23x 107!

The correlations of the mean tilt angle, the area-weighted tilt angle, the latitude-weighted tilt angle, and the area-
and latitude- weighted tilt angle during the declining phase with the strength, amplitude, and duration of the ascending
phase of the same SC are statistically insignificant (Table 4).
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Table 4. The correlation coefficients of the 10 quantities based on the tilt angles during the declining phase with the strength
(S), amplitude (A), and duration of the ascending phase (La) of the same SC. These data are derived from the KK database.

Parameter S A La
r p r p r p
(a) —34x107" 41x107" -32x107' 43x107' 27x107' 52x107!
Qg —31x107' 45x107" —41x107' 31x107' 52x107' 1.8x107!
an —32x107' 44x107" —30x107' 48x107' 28x107!' 51x107!
Qo 2 —32x107' 44x107" —35x107' 40x107' 50x107! 21x107!
o —73x107' 3.9x107%2 —59x107' 13x107' 57x107! 1.4x107!
RMS —78x107" 22x107% —63x107' 91x107%? 61x107' 1.1x107!
(o) —6.1x107" 1.0x107" —41x107" 31x107" 41x107" 3.1x107*
|| —73x107" 39%x107%2 —57x107' 14x107' 54x107' 1.7x 107!
B3N —47x107" 23x107" —26x107" 54x107" 1.4x107" 7.5x107*
|2 | —6.4x107" 9.0x1072 —48x107" 23x107" 42x107" 3.0x 107"

Table 5. The correlation coefficients between the mean tilt angle and the tilt-angle scatter. These data are derived from the
MW database.

Parameter o RMS (lee]
T 9 T 9 r P
() —37x107" 41x107" —-28x107' 54x107' —1.8x 107! 7.0x 107!
(@) (without the data point of SC 15) —4.0x 107! 43 x107! —21x107" 7.0x107" 14x1072 98 x 107"

Five measures of dispersion during the declining phase exhibits significant anti-correlations with the strength of the
same SC: the standard deviation of tilt angles (r = —7.3 x 10! at 96.1% confidence level), the root-mean-square
tilt angle (r = —7.8 x 107! at 97.8% confidence level), the mean absolute value of tilt angles (r = —6.1 x 107! at
90% confidence level), the area-weighted absolute value of tilt angles (r = —7.3 x 10~ at 96.1% confidence level),
and the area- and latitude- weighted absolute value of tilt angles (r = —6.4 x 10! at 91.0% confidence level). The
root-mean-square tilt angle during the declining phase shows a significant anti-correlation with the amplitude of the
same SC (r = —6.3 x 107! at 90.9% confidence level). The reason for these significant anti-correlations may be that
the scatter of tilt angles has a significant anti-correlation with the total area of all SGs.

For the KK data, the anti-correlations of the mean tilt angle during the declining phase with the strength and ampli-
tude of the same SC are statistically insignificant (Table 4), while the anti-correlations of the mean tilt angle during the
whole extent of a SC with the strength and amplitude of the same SC are statistically significant (Dasi-Espuig et al.
2010). The anti-correlation between the mean tilt angle during the declining phase and the duration of the ascending
phase of the same SC is statistically insignificant (Table 4). And the anti-correlation between the mean tilt angle
during the whole extent of a SC and the length of the same SC is also statistically insignificant (Dasi-Espuig et al.
2010). The correlations of the area-weighted tilt angle during the declining phase with the strength, amplitude, and
duration of the ascending phase of the same SC are statistically insignificant (Table 4). Dasi-Espuig et al. (2010) found
that the correlations of the area-weighted tilt angle during the whole extent of a SC with the strength, amplitude, and
length of the same SC are also statistically insignificant.

4.2. The MW data

To further validate the above findings, we utilize the data from the MW observatory and investigate the relationships
of the tilt angle during the declining phase with the SC parameters. The results derived from the MW database
generally corroborate those from the KK database. The correlations between the mean tilt angle and the tilt-angle
scatter are statistically insignificant with and without SC 15 (an outlier) (Figure 10 and Table 5).

4.2.1. The relationships of the tilt angle during the declining phase with the parameters of the next SC.
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Figure 10. The standard deviation of tilt angles (a), the root-mean-square tilt angle (b), and the mean absolute value of tilt
angles (c) vs. the mean tilt angle during the declining phase. The solid lines show the respective linear fits. The correlation
coefficients and probabilities can be found in each panel. These data are derived from the MW database.

Table 6. The correlation coefficients of the 10 quantities based on the tilt angles during the declining phase with the strength
(S), amplitude (A) and duration of the ascending phase (La) of the next SC. These data are derived from the MW database.

Parameter S A La
r P T P T 9
(a) —21x107" 65x107" —1.8x107' 6.9x107" —48x107' 27x 107!
Qy —62x107' 14x107" —53x107' 22x107' 14x107' 7.6x107*
an —32x107' 49x107' —29x107' 52x107' —41x107' 3.6x107*
Qo 2 —56x107' 1.9x107" —49x107' 27x107' —-1.1x107* 81x107*
o —75x107" 54x107%2 —71x107" 74x107% 90x107' 6.3x107?
RMS —79%x107" 36x107%2 —74x107" 55x107% 87x107' 99x107?
(o) —75x107" 53x1072 —69x107" 88x107% 80x107' 3.0x 1072
|| —83x107' 22x1072 —80x107' 3.2x107? 87x107' 12x1072
|ceal —75x107" 52x107%2 —74x107" 56x107% 95x107' 1.1x107?
|2 | —82x107" 25x1072 —84x107* 19x107% 81x107' 29x1072

Similarly, the correlations of the mean tilt angle, the area-weighted tilt angle, the latitude-weighted tilt angle, and
the area- and latitude- weighted tilt angle during the declining phase with the strength, amplitude, and duration of
the ascending phase of the next SC are statistically insignificant (Figure 11 and Table 6).

The tilt-angle scatter during the declining phase exhibits significant anti-correlations with the strength and amplitude
of the next SC, and a positive correlation with the duration of the ascending phase of the next SC (Table 6, Figure
12, and Figure 13).

Specifically, the standard deviation of tilt angles during the declining phase shows significant anti-correlations with
the strength and amplitude of the next SC, » = —7.5 x 10~ ! at 94.6% confidence level and r = —7.1 x 10~ ! at 92.6%
confidence level, respectively. It exhibits a positive correlation with the duration of the ascending phase of the next
SC, r = 9.0 x 107! at 99.37% confidence level. Similarly, the root-mean-square tilt angle during the declining phase
has significant anti-correlations with the strength and amplitude of the next SC, » = —7.9 x 10~! at 96.4% confidence
level and 7 = —7.4 x 10! at 94.5% confidence level, respectively, and a positive correlation with the duration of the
ascending phase of the next SC, » = 8.7 x 10~! at 99.01% confidence level. In addition, the mean absolute value of tilt
angles during the declining phase exhibits significant anti-correlations with the strength and amplitude of the next SC,
r=—7.5x10"" at 94.7% confidence level and r = —6.9 x 10~! at 91.2% confidence level, respectively. It also shows a
positive correlation with the duration of the ascending phase of the next SC, r = 8.0 x 10~! at 97.0% confidence level.

The area-weighted absolute value of tilt angles during the declining phase exhibits significant anti-correlations with
the strength and amplitude of the next SC, » = —8.3 x 10~ ! at 97.8% confidence level and » = —8.0 x 10~ ! at 96.8%
confidence level, respectively, and a positive correlation with the duration of the ascending phase of the next SC,
r = 8.7 x 107! at 98.8% confidence level. Similarly, the latitude-weighted absolute value of tilt angles during the
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Figure 11. Panels (a), (b), and (c): the mean tilt angle during the declining phase vs. the strength, amplitude, and duration
of the ascending phase of the next SC. Panels (d), (e), and (f): the area-weighted tilt angle during the declining phase vs. the
strength, amplitude, and duration of the ascending phase of the next SC. Panels (g), (h), and (i): the latitude-weighted tilt
angle during the declining phase vs. the strength, amplitude, and duration of the ascending phase of the next SC. Panels (j),
(k), and (1): the area- and latitude- weighted tilt angle during the declining phase vs. the strength, amplitude, and duration of
the ascending phase of the next SC. The solid lines show the respective linear fits. The correlation coefficients and probabilities
can be found in each panel. These data are derived from the MW database.
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Figure 12. Panels (a), (b), and (c): the standard deviation of tilt angles during the declining phase vs. the strength, amplitude,
and duration of the ascending phase of the next SC. Panels (d), (e), and (f): the root-mean-square tilt angle during the declining
phase vs. the strength, amplitude, and duration of the ascending phase of the next SC. Panels (g), (h), and (i): the mean absolute
value of tilt angles during the declining phase vs. the strength, amplitude, and duration of the ascending phase of the next SC.
The solid lines show the respective linear fits. The correlation coefficients and probabilities can be found in each panel. These
data are derived from the MW database.

declining phase shows significant anti-correlations with the strength and amplitude of the next SC, r = —7.5 x 107! at
94.8% confidence level and r = —7.4 x 10~! at 94.4% confidence level, respectively. It has a strong positive correlation
with the duration of the ascending phase of the next SC, r = 9.5 x 107! at 99.89% confidence level. The area- and
latitude- weighted absolute value of tilt angles during the declining phase exhibits significant anti-correlations with
the strength and amplitude of the next SC, » = —8.2 x 10~ ! at 97.5% confidence level and r = —8.4 x 10~ ! at 98.1%
confidence level, respectively, and a positive correlation with the duration of the ascending phase of the next SC,
r=8.1x 1071 at 97.1% confidence level.

The anti-correlation between the mean tilt angle during the declining phase and the duration of the ascending phase
of the next SC is statistically insignificant. However, Dasi-Espuig et al. (2010) found that the anti-correlation between
the mean tilt angle during the whole extent of a SC and the length of the next SC is statistically significant based on
the MW data. Additionally, the positive correlation between the area-weighted tilt angle during the declining phase
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coefficients and probabilities can be found in each panel. These data are derived from the MW database.

and the duration of the ascending phase of the next SC is statistically insignificant. The correlation between the
area-weighted tilt angle during the whole extent of a SC and the length of the next SC is also statistically insignificant

based on the MW data (Dasi-Espuig et al. 2010).

4.2.2. The relationships of the tilt-angle scatter with the statistical properties of SGs

The standard deviation of tilt angles has significant anti-correlations with the percentage of large SGs, the mean
area of all SGs, the total area of all SGs, and the number of all SGs, r = —7.4 x 107! at 94.1% confidence level,
r=—72x10""1 at 93.1% confidence level, r = —7.2 x 107! at 93.4% confidence level, and r = —6.7 x 10~ at 90.3%

confidence level, respectively (Table 7 and Figure 14).

4.2.3. The relationships of the tilt angle during the declining phase with the parameters of the same SC.
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Figure 14. The standard deviation of tilt angles vs. the percentage of weak SGs (a), the percentage of medium SGs (b), the
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the declining phase. The solid lines show the respective linear fits. The correlation coefficients and probabilities can be found
in each panel. These data are derived from the MW database.

Table 7. The correlation coefficients of the standard deviation of tilt angles with the percentage of weak SGs, the percentage
of medium SGs, the percentage of large SGs, the mean area of all SGs, the total area of all SGs, and the number of all SGs
during the declining phase. These data are derived from the MW database.

Parameter o
r p
Percentage of weak SGs 6.5x 107"  1.1x107!
Percentage of medium SGs —3.2x 107" 4.8 x 107*

Percentage of large SGs —74x107" 5.9x 1072
Mean area of all SGs —72x107Y 6.9 x 1072
Total area of all SGs —72x107Y 6.6 x 1072

Number of all SGs —6.7x 107" 9.7 x 102

The correlations of 10 quantities measured during the declining phase with the strength, amplitude, and duration
of the ascending phase of the same SC are statistically insignificant: the mean tilt angle, the area-weighted tilt
angle, the latitude-weighted tilt angle, the area- and latitude- weighted tilt angle, the standard deviation of tilt
angles, the root-mean-square tilt angle, the mean absolute value of tilt angles, the area-weighted absolute value of tilt
angles, the latitude-weighted absolute value of tilt angles, and the area- and latitude- weighted absolute value of tilt
angles. The anti-correlations of the mean tilt angle and the area-weighted tilt angle during the whole extent of a SC
with the strength, amplitude, and length of the same SC also are statistically insignificant based on the MW data
(Dasi-Espuig et al. 2010).

5. CONCLUSIONS AND DISCUSSION
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Table 8. The correlation coefficients of the 10 quantities based on the tilt angles during the declining phase with the strength
(S), amplitude (A), and duration of the ascending phase (La) of the same SC. These data are derived from the MW database.

Parameter S A La
r p r p r p
(a) 35x107"  44x107' 31x107' 50x107' —58x1072 9.0x 107!
Qo —48x107' 28x107' —36x107' 43x107' 32x107' 49x107?
ax 27x107Y  55x107Y 24x107' 61x107' 75x107% 87 x 107!
Qo 2 —38x107' 40x107' —35x107' 44x107' 41x107' 3.6x107*
o —62x107' 14x107" —36x107' 43x107' 36x107' 43x 107!
RMS —6.0x107" 15x107" —33x107' 47x107' 36x107" 43x107!
(o) —50x107" 25x107" —23x107" 62x107* 24x107' 6.0x 107!
|| —52x107" 23x107" —26x107' 57x107' 45x107" 3.1x107!
|ceal —36x107" 43x107" —76x107% 87x107' 26x107" 57x107!
|2 | —26x107" 57x107" —47x107% 92x 107t 50x107' 25x 107!

Based on the data from the KK and MW observatories, we investigate the relationships of the tilt angle, including
the mean tilt angle and the tilt-angle scatter, during the declining phase with the SC parameters. The main findings
can be summarized into three points:

e During the declining phase, the correlation between the mean tilt angle and the tilt-angle scatter is statistically
insignificant.

e Six quantities measured during the declining phase show significant anti-correlations with the strength and
amplitude of the next SC, and positive correlations with the duration of the ascending phase of the next SC:
the standard deviation of tilt angles, the root-mean-square tilt angle, the mean absolute value of tilt angles,
the area-weighted absolute value of tilt angles, the latitude-weighted absolute value of tilt angles, and the area-
and latitude- weighted absolute value of tilt angles. An exception is the correlation of the area- and latitude-
weighted absolute value of tilt angles during the declining phase with the duration of the ascending phase of the
next SC for the KK data.

e The correlations of the mean tilt angle, the area-weighted tilt angle, the latitude-weighted tilt angle, and the
area- and latitude- weighted tilt angle during the declining phase with the strength, amplitude, and duration of
the ascending phase of the next SC are statistically insignificant. The exception is the correlation of the area-
and latitude- weighted tilt angle during the declining phase with the amplitude of the next SC without SC 16
(an outlier) for the KK data.

These findings suggest that the tilt-angle scatter during the declining phase is an essential ingredient of the solar
dynamo. The modulation of parameters of the next SC by the tilt-angle scatter during the declining phase plays a vital
role in regulating SC variability, consistent with the results of numerical simulations: the tilt-angle scatter significantly
impacts the strength of the next SC (Baumann et al. 2004; Jiang et al. 2014; Bhowmik & Nandy 2018).

The statistically insignificant correlation between the mean tilt angle and the tilt-angle scatter may be the reason
why they show different behaviors, as previously noted by Wang & Sheeley (1989) and Gao (2023).

Bogdan et al. (1988) reported that the sunspot umbral areas are distributed lognormally and the distributions remain
constant for various individual SCs. However, Tang et al. (1984) considered that the mean area of SGs is an indicator
of SC variation. Our findings show that the mean area of SGs during the declining phases of SCs 14-21 varies from one
SC to the next, supporting the conclusions of Tang et al. (1984) and Li et al. (2005a). Additionally, the total mean of
SGs is also an indicator of SC variation (Li et al. 2005a; Balmaceda et al. 2009; Hathaway 2015; Norton et al. 2023).

During the declining phase, the standard deviation of tilt angles (tilt-angle scatter) shows a significant anti-correlation
with the mean area of SGs for the MW and KK (excluding SC 15, an outlier) data. It also has significant anti-
correlations with the total area of SGs and the percentage of large SGs for the MW and KK (with and without
SC 15) data, supporting the viewpoint that the tilt-angle scatter decreases as SG area increas (Wang & Sheeley
1989; Jiang et al. 2014). To some extent, SG area serves as a proxy for total magnetic flux (Zharkov & Zharkova
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2006; Dikpati et al. 2006). The tilt-angle scatter during the declining phase has significant anti-correlations with the
strength and amplitude of the next SC. These results suggest that the weaker the solar activity during the declining
phase, the weaker the solar activity during the subsequent SC, and vice versa.

The tilt-angle scatter during the declining phase exhibits significant anti-correlations with the strength and amplitude
of the next SC, while simultaneously showing a significant positive correlation with the duration of the ascending phase
of the next SC. Hence, the strength and amplitude of a given SC are anti-correlated with the duration of its ascending
phase (Waldmeier effect, Waldmeier (1935)), which forms the basis of some methods used to predict the amplitude of
SC (Wang et al. 2002; Li et al. 2005b).

The anti-correlations of the area-weighted absolute value of tilt angles during the declining phase with the strength
and amplitude of the next SC indicates that SGs with larger areas generally contribute more to SC variability. This
is likely because SG area, to some extent, serves as a proxy for total magnetic flux (Zharkov & Zharkova 2006;
Dikpati et al. 2006).

Previous studies suggest that low-latitude SGs can significantly impact the evolution of polar field (Cameron et al.
2013; Jiang et al. 2015; Nagy et al. 2017). As is known, SGs appear at lower latitudes during the declining phase.
Therefore, compared with SGs during the rising and maximum phases, which appear at higher latitudes, SGs during
the declining phase should have a greater impact on the evolution of polar fields. Low-latitude magnetic flux is
transported to the pole taking about 2 years (Jiang et al. 2014). Thus, the tilt angles of SGs during the declining
phase (after the polarity reversal) are more crucial for the build-up of the opposite-polarity polar field, which is the
source of the toroidal field responsible for solar activity during the next SC. These may partly explain why we find that
the tilt-angle scatter during the declining phase shows significant anti-correlations with the strength and amplitude of
the next SC.

However, we also find that the latitude-weighted absolute value of tilt angles during the declining phase is significantly
anti-correlated with the strength and amplitude of the next SC, indicating that, for forecasting solar activity during the
next SC, the higher the latitude of SGs during the declining phase, the greater the contribution. This is contradictory
to the results of previous studies — the low-latitude SGs can have a major impact on the evolution of polar fields
(Cameron et al. 2013; Jiang et al. 2015; Nagy et al. 2017).

Therefore, we investigate the relationships of (Ja|)/{|A|) during the declining phase with the strength, amplitude, and
duration of the ascending phase of the next SC based on the KK data (Figure 15). The (|a|)/{|\|) during the declining
phase shows a significant anti-correlation with the strength of the next SC, » = —7.3 x 10~! at 95.9% confidence level.
The correlations of the (|a|)/(|A|} during the declining phase with the amplitude and duration of the ascending phase
of the next SC are statistically insignificant. Further efforts are underway to understand the role of SG latitude in the
mechanism of modulation of the parameters of the next SC.

It must be noted that the tilt angle of SG is significantly different in the Northern and Southern hemispheres
(McClintock & Norton 2013; Li & Ulrich 2012; Javaraiah 2023). Besides, a north-south asymmetry also exists
in the SC properties (Norton & Gallagher 2010; McClintock & Norton 2013; Mclntosh et al. 2013; Javaraiah 2019;
Ravindra et al. 2021). To gain a more comprehensive understanding of the operational mechanism of the solar dy-
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namo, we will investigate the relationships between the tilt angle and the SC parameters in the Northern and Southern

hemispheres, respectively.
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